
Exam 2 Formula Sheet

Lagrange:

L = T − U ∂L
∂qi

=
d

dt

∂L
∂q̇i

[i = 1, . . . , n] pi =
∂L
∂q̇i

Central Forces:

r = r1 − r2 µ =
m1m2

m1 +m2
Ueff(r) = U(r) + Ucfr) = U(r) +

l2

2µr2

u =
1

r
u′′(ϕ) = −u(ϕ)− µ

l2u(ϕ)2
F

F =
Gm1m2

r2
=

γ

r2
r(ϕ) =

c

1 + ε cosϕ
c = l2/γµ E =

γ2µ

2l2
(ε2 − 1) ε =

Al2

γµ

τ2 =
4π2

GMs
a3 ε = 0 (circle) 0 < ε < 1 (ellipse) ε = 1 (parabola) ε > 1 (hyperbola)

E > 0 (hyperbola) E = 0 (parabola) E = 0 (circle, ellipse)

Oscillations:

M q̈ = −Kq T =
1

2

∑
j,k

Mjkq̇j q̇k U =
1

2

∑
j,k

Kjkqjqk

q(t) = <
(
aeiωt

)
(K − ω2M)a = 0 normal modes



Things you know but can’t quite remember:

g = 9.81 m/s2 sphere V =
4

3
πr3 ax2 + bx2 + c = 0 =⇒ x =

−b±
√
b2 − 4ac

2a

sin (θ ± ϕ) = sin θ cosϕ± cos θ sinϕ cos (θ ± ϕ) = cos θ cosϕ∓ sin θ sinϕ

2 cos θ cosϕ = cos (θ + ϕ) + cos (θ − ϕ) 2 sin θ sinϕ = cos (θ − ϕ)− cos (θ + ϕ)

2 sin θ cosϕ = sin (θ + ϕ) + sin (θ − ϕ) c2 = a2 + b2 − 2ab cos θab

cos θ + cosϕ = 2 cos

(
θ + ϕ

2

)
cos

(
θ − ϕ

2

)
cos θ − cosϕ = 2 sin

(
θ + ϕ

2

)
sin

(
θ − ϕ

2

)
sin θ + sinϕ = 2 sin

(
θ ± ϕ

2

)
cos

(
θ ∓ ϕ

2

)
cos2 θ =

1

2
(1 + cos 2θ) sin2 θ =

1

2
(1− cos 2θ)

eiθ = cos θ + i sin θ cos θ =
1

2
(eiθ + e−iθ) sin θ =

1

2
(eiθ − e−iθ)

Those other ones:

cosh z =
1

2
(ez + e−z) = cos iz sinh z =

1

2
(ez − e−z) = sin iz tanh z =

sinh z

cosh z
cosh2 z − sinh2 z = 1

“What will this ever be good for:”

d

dx
sin ax = a cos ax

d

dx
cos ax = −a sin ax

d

dx
sinh ax = a cosh ax

d

dx
cosh ax = a sinh ax

d

dx
tan z = sec2 z

d

dx
tanh z = sech2 z

d

dz
sinh z = cosh z

d

dz
cosh z = sinh z∫

u dv = uv −
∫
v du

∫
dx

1 + x2
= arctanx

∫
dx

1− x2
= arctanhx∫

dx√
1− x2

= arcsinx

∫
dx√

1 + x2
= arcsinhx

∫
tan(x) dx = − ln cosx

∫
tanhx dx = ln coshx∫

dx

x+ x2
= ln

(
x

1 + x

) ∫
x dx

1 + x2
=

1

2
ln (1 + x2)

∫
dx√
x2 − 1

= arccoshx

∫
x dx√
1 + x2

=
√

1 + x2∫
dx

x
√
x2 − 1

= arccos (1/x)

∫ √
x dx√
1− x

= arcsin (
√
x)−

√
x(1− x)

∫
dx

(1 + x2)3/2
=

x

(1 + x2)1/2∫
ln (x) dx = x ln (x)− x

∫
dx

x
= lnx

Arrows:

|F| =
√
F 2
x + F 2

y magnitude θ = tan−1
[
Fy
Fx

]
direction a · b = axbx + ayby + azbz = |a||b| cos θ

a× b = det

 x̂ ŷ ẑ

ax ay az

bx by bz

 = (aybz − azby) x̂ + (azbx − axbz) ŷ + (axby − aybx) ẑ

Almost, x�1

f(z) = f(a) + f ′(a)(z − a) +
1

2!
f ′′(a)(z − a)2 +

1

3!
f ′′′(z − a)3 + . . .

(1 + x)
n ≈ 1 + nx+

1

2
n (n+ 1)x2 tanx ≈ x+

1

3
x3 sinx ≈ x− 1

3!
x3 cosx ≈ 1− 1

2
x2

ex ≈ 1 + x+
1

2!
x2 +

1

3!
x3 ln (1 + z) ≈ z − 1

2
z2 should your calculator be in degrees or radians? . . . just saying.



Revenge of the Arrows:

ΣF = Fnet = ma ΣFx = max ΣFy = may, etc. Fgrav = mg = weight F12 = −F21

F =
dp

dt
≈ ∆(mv)

∆t
direction . . . fs ≤ µsn fk = µkn Fc = −mv

2

r
r̂

F = mr̈ =


Fx = mẍ

Fy = mÿ

Fz = mz̈

(Cartesian x, y, z) =

Fr = m(r̈ − rϕ̇2)

Fϕ = m(rϕ̈+ 2ṙϕ̇)
(2D polar r, ϕ)

F12 = ke
q1q2
r212

r̂12 = q2E1 r12 =r1 − r2 FB = qv ×B F = q (E + v ×B)

The Arrows Strike Back:

A · (B×C) = B · (C×A) = C · (A×B) A× (B×C) = B(A ·C)−C(A ·B)

∇f = x̂
∂f

∂x
+ ŷ

∂f

∂y
+ ẑ

∂f

∂z
Cartesian ∇f = r̂

∂f

∂r
+ θ̂

1

r

∂f

∂θ
+ ϕ̂

1

r sin θ

∂f

∂ϕ
Spherical

∇× F = x̂

(
∂Fz
∂y
− ∂Fy

∂z

)
+ ŷ

(
∂Fx
∂z
− ∂Fz

∂x

)
+ ẑ

(
∂Fy
∂x
− ∂Fx

∂y

)
Cartesian

∇× F = r̂
1

r sin θ

[
∂

∂θ
(Fϕ sin θ)− ∂Fθ

∂ϕ

]
+ θ̂

[
1

r sin θ

∂Fr
∂ϕ
− 1

r

∂

∂r
(rFϕ)

]
+ ϕ̂

1

r

[
∂

∂r
(rFθ)−

∂Fr
∂θ

]
Spherical

Blowback:

f(v) = flin + fquad flin = bv fquad = cv2 separate and integrate

Space Oddity:

dx

dt
= ẋ

d2x

dt2
=
dẋ

dt
= ẍ mv̇ = −ṁvex + F ext

Centering and Rotation:

R =
1

M

N∑
α=1

mαrα =
m1r1 + · · ·+mNrN

M
l = r× p L =

N∑
α=1

lα =

N∑
α=1

rα × pα L̇ = Γext

Work, meh:

∆T = T2 − T1 =

2∫
1

F · dr ≡W (1→ 2) U(r) = −W (ro → r) ≡ −
r∫

ro

F(r′) · dr′ F = −∇U

central force: F = f(r) r̂ central force is spherically symmetric [f(r)=f(r)] if and only if conservative

Interacting is difficult (conservative forces):

U = U int + U ext =
∑
α

∑
β>α

Uαβ +
∑
α

U ext
α (net force on α) = −∇αU

Wiggling:

F = −kx⇐⇒ U =
1

2
kx2 ẍ = −ω2x⇐⇒ x(t) = A cos (ωt− δ)

ẍ+ 2βẋ+ ω2x = 0⇐⇒ x(t) = Ae−βt cos (ω1t− δ) β = b/2m ωo =

√
k

m
ω1 =

√
ω2
o − β2 (β < ωo)

driven A2 =
f2o

(ωo − ω)
2

+ 4β2ω2
δ = arctan

(
2βω

ω2
o − ω2

)



Basic physics you should really know at this
point, so I am printing it super small.
1-D motion:

v(t) =
d

dt
x(t) a(t) =

d

dt
v(t) =

d2

dt2
x(t)

v(t) =

∫ t
0
a dt x(t) =

∫ t
0
v dt

↑ const. acc.

xf = xi + vxit +
1

2
axt

2

v
2
xf = v

2
xi + 2ax∆x

vf = vi + at

Projectile motion:

vx(t) = vi cos θ vy(t) = vi sin θ − gt

x(t) = xi + vxt y(t) = yi + vyit +
1

2
ayt

2

over level ground:

max height = H =
v2
i sin2 θi

2g

Range = R =
v2
i sin 2θi

g

2-D motion:

r = x(t) ı̂ + y(t) ̂

x(t) = xi + vixt +
1

2
axt

2

y(t) = yi + viyt +
1

2
ayt

2

v = vx(t) ı̂ + vy(t) ̂

vx(t) =
dx

dt
= vxi + axt

vy(t) =
dy

dt
= vyi + ayt

a = ax(t) ı̂ + ay(t) ̂

ax(t) =
dvx

dt
ay(t) =

dvy

dt

ac =
v2

r
T =

2πr

v
circ.

Force:

ΣF = Fnet = ma ΣFx = max ΣFy = may

Fgrav = mg = weight

F12 = −F21

F =
dp

dt
≈

∆(mv)

∆t
direction . . .

fs ≤ µsn fk = µkn

Fc = −
mv2

r
r̂

Work-Energy:

K =
1

2
mv

2
=

p2

2m

∆K = Kf −Ki = W

W =

∫
F (x) dx = −∆U F = −

dU

dx
in equil. F = 0

Ug(y) = mgy Us(x) =
1

2
kx

2

Ki + Ui = Kf + Uf +Wext = Kf + Uf +

∫
Fext dx

Rotation: we use radians

s = θr ← arclength

ω =
dθ

dt
=
v

r
α =

dω

dt
=
d2θ

dt2

at = αr tangential ar =
v2

r
= ω

2
r radial

I =
∑
i

mir
2
i ⇒

∫
r
2
dm = kmr

2

Iz = Icom +md
2 axis z parallel, dist d

τnet =
∑
τ = Iα =

dL

dt

τ = r × F |τ| = rF sin θrF

L = r × p = Iω Li = Lf

K =
1

2
Iω

2
= L

2
/2I

∆K =
1

2
Iω

2
f −

1

2
Iω

2
i = W =

∫
τ dθ

P =
dW

dt
= τω

Gravitation:

F12 = −
Gm1m2

r2
r̂12 = −

dUg

dr
r̂

g =
GMe

R2
e

Ug(r) = −
∫
F (r) dr =

GMm

r

K + Ug ≥ 0 escape K + Ug < 0 bound

dA

dt
=

1

2
r
2
ω =

L

2m
T

2
=

 4π2

GM

 r3
Eorbit =

−GMm

2a
elliptical; a → r for circular

Oscillations:

ω =
2π

T
= 2πf T =

1

f

x(t) = xm cos (ωt + ϕ)

a =
d2x

dt2
= −ω2

x for SHM

ω =
√
k/m spring

U = −
1

2
kx

2
F = −

dU

dx
= ma

T =


2π

√
I/κ torsion pendulum

2π
√
L/g simple pendulum

2π
√
I/mgdcm physical pendulum


