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PH125 Exam IV: Solutions

1. The space shuttle releases a 470 kg satellite while in an orbit 280 km above the surface of the
earth. A rocket engine on the satellite boosts it to a geosynchronous orbit. How much energy is
required for the orbit boost? (Note: the earth’s radius is 6378 km, its mass is 5.98 x 10?* kg, and
G =6.67 x 1071 N - m2?kg—2. Hint: “geosynchronous" means the satellite’s period 7" is 24 hrs.)

Solution: For a geosynchronous orbit, the period T' is 24 hr. Using Kepler’s law, we can find the

distance from the earth’s center for this orbit:
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Thus, the satellite changes its orbit to 42, 300 km starting from h =280 km above the earth’s surface,
a distance R+ h from the earth’s center. Remember that it is the distance from the earth’s center,
not its surface, which is important for gravitation. This will clearly change the satellite’s potential
energy, but its kinetic energy will also change. Fortunately, we know the total energy (kinetic plus
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potential) of an orbiting body of mass m is Eyot=—5 . The change in energy is thus
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2. Calculate the mass of the Sun given that the Earth’s distance from the Sun is 1.496 x 10''m.
(Hint: you already know the period of the Earth’s orbit.)

Solution: We know the earth’s period of rotation T is about 365 days, or about 3.15x 107 s. Given

the earth’s orbital distance r, we can use Kepler’s law to find the mass of the sun Mj.
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M, = gTZ ~ 2 x 10%kg (5)

3. The free-fall acceleration on the surface of the Moon is about one sixth of that on the surface
of the Earth. If the radius of the Moon is about 0.250 Rg, find the ratio of their average densities,

pMoon/pEarth-

Solution: The force on an object of mass m a distance r from the earth’s center is
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GM.m
Fe - - 7’26 ~ mge (6)

Near the earth’s surface, this force is approximately constant, and we make the identification
ge=GM_/r?. On the moon, the same mass m a distance r from the center of the moon would feel

a force

Fy=——F5— ~mgn (7)

Thus, g, = GM,,/r?. We are told g,,/ge =1/6, and we know the masses in terms of the average

densities:

M, = gﬂR;pm (8)
4
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The ratio g, /ge will then allow us to determine the ratio of the densities:
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Since we are told R,,= %Rg, this gives
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4. In the figure below, two masses are connected to each other and vertical walls by three identical
springs. Presume mj = my for simplicity. As it turns out, there are two stable frequencies of
oscillation of the system. Find one of them. Hint: there are two obvious ways the two masses can

move relative to each other. One of them is really simple.

Figure 1: From http: //en. wikipedia. org/wiki/Normal_mode.

Solution: There are only two stable modes of oscillation that can persist: either the masses move
in unison, or they move perfectly in opposition to one another. If the masses move in unison, the
central spring has no displacement, and there is no net force between the two masses. If that is the

case, each mass behaves as though it is only connected by a single spring of constant k, and the


http://en.wikipedia.org/wiki/Normal_mode
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frequency is just w=+/k/m. (The other frequency, with the masses moving perfectly out of phase,

ends up being w=+/3k/m.)

Recall that we solved this in HWG6, see the solution to problem 9, in particular the special case of

equal masses and springs on page 12.

5. Energetics of diatomic systems. An expression for the potential energy of two neutral atoms as

a function of their separation x is given by the Morse potential,

2
U(r)=U, [1 — g alr=ro) (12)

where x, is the equilibrium spacing. Calculate the force constant for small oscillations about r=r,.

Hint: At equilibrium, the net force is zero. For small §, one may approzimate e’ ~1+ 8+ %62 4+

Solution: Just for fun, let’s find the equilibrium spacing and dissociation energy too. Equilibrium
is in general characterized by a net force of zero, or a minimum of potential energy: F'=—dU/dr=0.
Thus, we find the equilibrium spacing by figuring out at what radius (or radii) this condition is

met.

% =20, [1 - e_a(r_r‘))] (ae_a(r_r")) =0 (13)

Either of the terms in brackets could be zero. The latter only leads to the trivial solution of r — oo,

meaning there is no molecule in the first place. Setting the former term in brackets to zero,

0=1— ¢ r=ro) — =", (14)

The equilibrium spacing is just the parameter r, in the potential energy function, which is nice. The
dissociation energy is defined as the amount of energy required to take the system from equilibrium

at r=r, to complete breakup for r — oco. Thus,

(dissociation energy) = [Tli_{go U(r)} —U(ro) =U,—0=0, (15)

In other words, an amount of work U, is required to bring about an infinite separation of the atoms,

and this defines the dissociation energy.

If we wish to calculate a force constant, it is necessary to show that the force at least approximately
obeys Hooke’s law for small displacements, i.e., for a small displacement ¢ from equilibrium, § =
r—1re, F(r,+ §)~kd where k is the force constant We have already calculated the force versus

displacement:

'Equivalently, we could show U(8)~ 2ké&>.
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F(ro+8) = —2Usa (e — 72 (16)
For small §, we may make use of the approximation e®~1 + § + %52 + ---. Retaining terms only
up to first order,
F(ro+0) ~ —2Upa (1 — a8 — 1+ 2a6) = = (2Upa?) 5 = k= 2U,d? (17)

Thus, for small displacements from equilibrium, we may treat the molecule as a mass-spring system,
with an effective force constant k. Note that we could have equivalently used the method from the
last problem, k=U", but it is worth seeing how to approach the problem in a different way. For

further information, the Wikipedia article is quite informative:

http://en.wikipedia.org/wiki/Morse_potential


http://en.wikipedia.org/wiki/Morse_potential

Numbers & units: Rotation: we use radians
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